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Example I: time to staphylococcus infection in hospital

hospital
admission

discharged from
the hospital without

infection

infection in the
hospital

• Time-to-infection distribution for hospital; etiology (biological
question)

• Marginal distribution/net risk; what would happen if everyone
stayed in hospital?

• Predict (clinical question): disease burden due to infection, some
individuals never get infected

• Cause-specific cumulative incidence/crude risk/subdistribution

• Comparison between hospitals may depend on type of analysis
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Estimation with complete information (artificial data)

week 0-1 1-2 2-3 3-4 4-5 5-6 6-7 > 7
infection 1 2 6 11 9 11 2 18

cumulative 1 3 9 20 29 40 42 60

discharge 5 9 6 6 9 12 4 35
cumulative 5 14 20 26 35 47 51 86

• Marginal: Kaplan-Meier, leave risk set when discharged.
Discharged (censored) individuals represented by those that
remain in hospital

• Competing risks:
P̂(infection ≤ 6 weeks) = 40/146,
P̂(discharge ≤ 6 weeks) = 47/146.
Individuals with competing event remain in denominator.
Competing risks estimation ignores competing risk
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Example II: Natural history of HIV infection

HIV AIDS

death before
AIDS

• Compare MSM and IDU; 99 IDU and 127 MSM

• Competing risks analysis

• Interest in time to AIDS if there were no pre-AIDS death
Interest in etiology and marginal distribution
Kaplan-Meier: censor at death before AIDS

• Assumption: can be represented by the ones that do not die
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Death before AIDS another end point
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Results: IDU much slower progression (p = 0.001)
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Explanation: informative censoring

• Extra information on cause of death before AIDS
IDU MSM

Reason of death Number
HIV related infections 3 0
overdose/suicide 6 0
violence/accident 2 0
liver cirrhosis 2 0
cancer 0 1
heart attack 0 1
unknown 4 3

• Some pre-AIDS death causes in IDU related to AIDS
progression. Censoring close to AIDS, hence marginal hazard
estimate for IDU biased downwards

• What if: would have developed AIDS right after death

• What if: would never have developed AIDS
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Combine AIDS and pre-AIDS death (p = 0.14)
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Can we conclude that IDU and MSM have similar time to AIDS?
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Subdistribution
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An unfortunate fact

• Same data can represent independent as well as dependent
censoring

• We cannot test for independence based on observed
event/censoring data

• No correction possible based on observed event/censoring data

• Extra information may allow to show dependence, but
independence can never be tested for
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Informative censoring?

We want to estimate the incidence of cardiac events (CE) in
childhood cancer survivors. A person that dies of another
cause is considered censored at his date of death. This type
of censoring is informative since this patient is censored due
to the occurrence of an intervening event (DOC).

Censoring is not necessarily informative just because it is caused by
an intervening event.

This example was inspired by Satagopan et al. A note on competing risks in survival data
analysis. Br. J. Cancer, 91(7):1229-1235, 2004
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Reasons for right censored data

Cutoff date of analysis (administrative censoring) Censoring usually
independent

Loss to follow-up Independence may be problematic
• Sicker individuals discontinue participation in study (lack of

energy, too ill, return to home country)
• Healthier individuals discontinue participation (don’t feel the

need to continue, start new life in other country)

Competing risks (includes artificial censoring)
Often informative. In competing risks analysis, independence is not
required
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Informative censoring?

Some individuals died without CE, but they had already left
the study before they died. Therefore, for CE as end point,
no competing risk of DOC is present in our data and the
Kaplan-Meier curve is a valid estimate of the marginal
distribution of time to CE.

The Kaplan-Meier estimates the marginal distribution if all censoring is
non-informative. Removing individuals from the risk set before they
experience the competing event removes the competing risk, but does
not solve the problem of informative censoring.
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Childhood cancer survivors; CE, DOC competing

0 10 20 30 40

0.00

0.05

0.10

0.15

0.20

time since cancer diagnosis (years)

cu
m

ul
at

iv
e

in
ci

de
nc

e

DOC may not be related to having CE.
In this case, ignoring the informative cen-
soring mechanism does not substantially
influence the estimates of CE.

net CE risk

crude CE risk

crude DOC risk
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Answer

• The Kaplan-Meier and the estimator of the CE-specific
cumulative incidence try to estimate different quantities

• Both curves are similar because there is little mortality due to
other causes, at least during the first 20 years, when most of the
CE’s occur.

• Note that on one hand it is said that death due to other causes
may not be related to CE events, whereas on the other hand it is
called “informative censoring”.

This example was taken from Satagopan et al. A note on competing risks in survival data
analysis. Br. J. Cancer, 91(7):1229-1235, 2004
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Bladder cancer; relapse, DOC competing
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Bladder cancer; net and crude risk
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The gender difference is also present in the
Kaplan-Meier curves. Moreover, for both
genders the cause-specific cumulative in-
cidence function and the Kaplan-Meier are
almost the same. Hence, the difference in
relapse by gender cannot be explained by
the larger competing death rates for males.

Grey: KM; black: crude risk
Solid: male; dashed: female
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Answer

• The Kaplan-Meier tries to compare the marginal distribution of
time to relapse for males and females. Only valid if DOC is
noninformative for progression.

• Estimates almost equal because there is little mortality due to
other causes, at least during the first 40 months.

• If we combine both event times, the curves for males and females
will become similar. Would estimate marginal hazard if every
person that died would have progressed on the next day.



Interpretation and ignorance Competing risks Summary

Bladder cancer; relapse, DOC competing
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Example III: Causes of death after HIV infection

HIV
infection

AIDS
related

liver
related

natural

non-
natural

• Has the spectrum of causes of death changed after the
introduction of cART (combination Anti-Retroviral Therapy)

• Competing risks analysis most interesting
No interest in change in AIDS-related death in world in which
other COD’s do not exist

• Still, different types of analysis can be chosen
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Crude risk by calendar period and HCV status
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Some notation

• Time to event (all types combined): P(T ≤ t)

• Relates 1-1 with hazard h: P(T > t) = exp{−
∫ t

0 h(s)ds}

• K competing risks, E ∈ K ; crude risk P(T ≤ t,E = k)

• Subdistribution random variable Tk :
Tk = T × I{E = k}+∞× I{E 6= k}

• P(Tk ≤ t) = P(T ≤ t,E = k)

• Subdistribution hazard hk :

P(Tk > t) = exp{−
∫ t

0
hk(s)ds}
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Approach I: via cause-specific hazard

0 s

λk(
s)

type k

other types

P(T ≥ s)

t

• Relation with crude risk

P(T ≤ t,E = k) =
∫ t

0
P(T ≥ s)λk(s)ds

• Sum of cause-specific hazards is overall hazard:
∑

K
e=1 λe(s) = h(s)

• Sum of crude risks is overall risk:
P(T ≤ t) = ∑

K
e=1 P(T ≤ t,E = e)
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Estimation

event free

cause k

other
causes

λother (t)

λk(t
)

• Individuals with a competing event are no longer at risk =⇒ leave
the risk set. Standard rate estimation

λ̂k(t) =
dk(t)
r(t)

• Same estimator as classical hazard, but no interpretation as
marginal hazard, unless censoring due to competing risks is
non-informative

• Crude risk: Aalen-Johansen estimator (
∫ t

0 P{T ≥ s}λk (s)ds)

P̂(T ≤ t,E = k) = ∑
i:t(i)≤t

KM(t(i)−)× λ̂k (t(i))
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∫ t

0 P{T ≥ s}λk (s)ds)

P̂(T ≤ t,E = k) = ∑
i:t(i)≤t

KM(t(i)−)× λ̂k (t(i))
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Approach II: via subdistribution hazard

• Estimated as:

ĥk(t) =
dk(t)
r∗(t)

Denominator: event free or with earlier competing event

• Basis for product-limit estimator of crude risk

• Estimation slightly more complicated with administrative
censoring/loss to follow-up

• Interpretation controversial
• Not a rate in epidemiological sense
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Some notation

• Time to event (all types combined): P(T ≤ t)

• Relates 1-1 with hazard h: P(T > t) = exp{−
∫ t

0 h(s)ds}

• K competing risks, E ∈ K ; crude risk P(T ≤ t,E = k)

• Subdistribution random variable Tk :
Tk = T × I{E = k}+∞× I{E 6= k}

• P(Tk ≤ t) = P(T ≤ t,E = k)

• Subdistribution hazard hk :

P(Tk > t) = exp{−
∫ t

0
hk(s)ds}
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Rates and risks in competing risks setting

hazard cumulative
competing marginal * net risk
risks marginal survival function

marginal cumulative incidence

cause-specific λk no corresponding quantity

subdistribution hk crude risk
cause-specific cumulative incidence

combined overall h overall risk
overall survival function
overall cumulative incidence
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Regression

• Cause-specific hazards: standard Cox model
• Does account for competing risks
• No marginal interpretation, unless competing risks independent
• Etiology; cause-specific event rate among event-free individuals

• Proportional subdistribution hazards model (Fine and Gray)
• Ignores occurrenc of competing risks in estimation
• Combines etiology and prediction
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Choice of hazard

Study on the effect of the use of β-blockers on prostate cancer (PCa).
Individuals that used β-blockers had lower subdistribution hazard for
PCa-specific death but higher for DOC.

To address this potential bias, we performed all analyses
with the Fine and Gray competing risk regression model. In
addition, we observed no increase in all-cause mortality
among β-blocker users although other-cause mortality was
higher, strengthening the interpretation of an association
between the use of β-blockers and PCa-specific mortality.

They want to study etiology, which is better described by
cause-specific hazards.

H.H. Grytli et al.. Association between use of β-blockers and prostate cancer-specific survival.
European Urology, 65(6):635-641, 2014.

Reaction by K. Bhaskaran et al. 64(4):e86–87, 2013
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Interpretation of hazard; cART, early versus late starters

failure change interruption

0.0

0.2

0.4
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time since cART initiation (years)

It may be that individuals interrupt treatment because they are
responding well to therapy, rather than simply because they are
scheduled to do so. In that case, they would be less likely to fail
treatment if they had not interrupted and the marginal hazard
ratio of failing treatment in early vs. chronic infection would be
smaller than the one we report.
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Answer

• Assume that treatment failure and treatment interruption are the
only two competing events

• Most extreme scenario: those who interrupt treatment will never
fail. Marginal hazard same as the subdistribution hazard, i.e. the
reported one.

• It may be true if the effect was observed for the cause-specific
hazard.
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Choices. . .

• Marginal analysis or competing risks analysis?

• Competing risks: cause-specific hazard or subdistribution
hazard?

• Etiology or prediction?
• Example I: staphylococcus infection in hospital

• Etiology (what if everyone would stay in hospital): marginal
• Prediction (how many infections are observed in hospital):

competing risks

• Example II: difference in natural history between IDU en MSM.
Marginal.

• Example III: causes of death. Competing risks.
Etiology (cause-specific hazard) and/or prediction (cause-specific
cumulative incidence); marginal analysis completely hypothetical
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Marginal analysis

• Estimated via (marginal) hazard, basis for Kaplan-Meier estimate
of cumulative incidence/net risk

• Censored individuals represented by the ones that remain.
Reason for censoring should give no information on residual
time-to-event

• Otherwise Kaplan-Meier has no meaning.
Does not describe survival in (hypothetical) world with competing
event removed, . . .

. . . unless we know that censoring is independent

• Extra information may allow to show informative/dependent
censoring (IDU and pre-AIDS death), but independence can
never be tested for
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Competing risks

• Competing risk is another end point

• Cause-specific hazard: estimated as classical hazard, but
interpretation different if occurrence of competing events is
informative

• Used in Aalen-Johansen estimator of cause-specific cumulative
incidence/crude risk

• Individuals that have competing event don’t have to be
represented by the ones that remain.
Other censoring (administrative/loss to follow-up) must be
non-informative

• If censoring due to competing event is non-informative, marginal
and cause-specific hazard are equal. Cumulative quantities are
different (Kaplan-Meier versus Aalen-Johansen)



Interpretation and ignorance Competing risks Summary

Competing risks

• Competing risk is another end point

• Cause-specific hazard: estimated as classical hazard, but
interpretation different if occurrence of competing events is
informative

• Used in Aalen-Johansen estimator of cause-specific cumulative
incidence/crude risk

• Individuals that have competing event don’t have to be
represented by the ones that remain.
Other censoring (administrative/loss to follow-up) must be
non-informative

• If censoring due to competing event is non-informative, marginal
and cause-specific hazard are equal. Cumulative quantities are
different (Kaplan-Meier versus Aalen-Johansen)



Interpretation and ignorance Competing risks Summary

Competing risks

• Competing risk is another end point

• Cause-specific hazard: estimated as classical hazard, but
interpretation different if occurrence of competing events is
informative

• Used in Aalen-Johansen estimator of cause-specific cumulative
incidence/crude risk

• Individuals that have competing event don’t have to be
represented by the ones that remain.
Other censoring (administrative/loss to follow-up) must be
non-informative

• If censoring due to competing event is non-informative, marginal
and cause-specific hazard are equal. Cumulative quantities are
different (Kaplan-Meier versus Aalen-Johansen)



We want to compare the cancer event rates in the virtual
situation when the competing risks did not exist. The
analysis of the cause-specific hazard models the event of
interest in the absence of competing risk events and thus is
the appropriate method.

Melania Pintilie. Analysing and interpreting competing risk data. Statistics in Medicine,

26(6):1360–1367, 2007.

Reply Latouche et al. (Statistics in Medicine, 26(19):3676–9)

Pintilie’s work has the potential to further obscure the issues
. . . Our main critique concerns the inaccurate assertion:
“When modelling the cause specific hazard, one performs
the analysis under the assumption that the competing risks
do not exist”.
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Etiology and prediction

• Which hazard quantifies etiology?

competing risks is human intervention: marginal
reflection of same biological process: cause-specific (COD)

• Prediction in competing risks: subdistribution

• When can we interpret results as effects on marginal hazards?
Independence: cause-specific hazard
high positive correlation: overall hazard
cure: subdistribution

• Both Cox and Fine and Gray model make sense in presence of
competing risks
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THANKS!
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